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Energy Decay and Exact Controllability for the 
Petrovsky Equation in a Bounded Domain 
YUNCHENG You* 
Universiry of Minnesota, Minneapolis, Minnesota 55455 
For a higher dimensional Petrovsky equation in a bounded domain with linear 
damping and rigid homogeneous boundary conditions, the uniformly exponential 
energy decay is proved by a priori estimates and analysis of Lyapunov-like 
functional. The global exact controllability is shown by the energy decay result and 
time-reverse technique. For the Petrovsky equation with cubic nonlinear damping, 
it is proved that for any given energy bound of initial data there exists a choice of 
damping coefficients such that the nonlinear semigroup of solutions converges to 
zero strongly and uniformly. 8 1990 Academic Press, Inc. 
1. INTRODUCTION 
In connection with large space structures, the one-dimensional Petrovsky 
equation with boundary control has been extensively studied, cf. [l-5]. As 
for the higher dimensional Petrovsky equation, there have been some 
significant results on the optimal control (cf. [6]), boundary controllability 
and stabilization of vibrating plate with static boundary input (cf. [7, 8]), 
and dynamical boundary input (cf. [5, 91). However, in comparison with the 
wave equation, there still remain many open problems for the higher 
dimensional Petrovsky equation. 
Although the Petrovsb equation has some common features with the 
wave equation, such as that it is time-reversible so null-controllability 
implies the global controllability, the former differs from the latter in 
many aspects, e.g., there are no finite characteristic velocities for the 
Petrovsky equation, the well-posed boundary conditions are much in- 
volved, and the energy functions consistent with the elasticity theory 
(in the case of dimension n s 3) are more complicated, etc. 
In this work, energy decay rate and controllability for the Petrovsky 
equation in a higher dimensional bounded domain with homogeneous 
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boundary conditions will be considered. The obtained results can be 
regarded in some sense as the generalization of the corresponding results 
for the wave equation to the Petrovsky equation. 
2. UNIFORM EXPONENTIAL ENERGY DECAY WITH LINEAR 
DAMPING FEEDBACK 
Let R be a bounded, open, and connected domain in R” with piecewise 
C” regular boundary P. Assume that fl is locally located on the one side 
of P and that P has at most finite cusp points where the cone condition is 
satisfied. 
Here we consider the Petrovsb equation with distributed control and 
rigid homogeneous boundary condition, 
2 
$ + A2w =f(t,x), xEn,tlO. 
One can choose a damping feedback control to get the following equation 
with initial-boundary conditions, 
2 
g +.(x)2 + A2w =O, x E a, t 2 0, (2) 
w(t,x) = $t,x) = 0, x E r, t 2 0, (3) 
where a(x) 2 aa > 0 a.e. in rR, and a(*> E L”(R). Define a real product 
Hilbert space H by 
H = H;(n) x L2(sz), (5) 
with the usual Sobolev space structure. 
LEMMA 1. The “energy inner product” dejined by 
(6) 
is equivalent to the inherent inner product of H. 
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proof: From [14, Chap. 4, p. 1071, the space 
2 = {ulu E L2(R) and Au E L2(f2)} (7) 
with the norm 
ll4z = (jn[l4’ + IW21 h)1’2 (8) 
is a Hilbert space. Now since Cr(LI> c Z, and (cf. [14, Chap. 4, p. 1081) the 
closure of C,“(0) in Z is just Hi(a), it follows that (H,$fI), 11 . llz) is a 
closed subspace of Z, so that (Hi(n), 11 * llz) is a Hilbert space. 
Denote simply by Hi(n) the usual Sobolev space with the topology 
induced by the H2(Q)-inner product. Define I: (Hi(n), 1) * llz> + Hi(Q) 
to be the identity mapping. Obviously I is a bijection. By the inverse 
operator theorem, Z is a bounded linear operator, so that there is a 
constant ci > 0 such that 
ll4lH,2(R) s c1IIaz~ vu E H;(a). (9) 
On the other hand, it is easy to see that there is a constant c2 > 0 such 
that 
Therefore the conclusion is valid. 0 
Define operator A: NAXc L2(fI>) --) L2(fi> by 
Au = -A2u, L@(A) = H4(fI) n H;(a). (11) 
It can be verified that A is a selfadjoint, maximal dissipative, and coer- 
cively negative operator with compact resolvent. 
Define then the operator ti L%J@CC H) -+ H by 
with g(d) = 9(A) x Hi(Q). 
(12) 
Then one can prove the following properties. 
LEMMA 2. L%’ is a densely defined and closed operator in H. J%?+ admits a 
compact resolvent &f-l E S/(H). LZY is the infinitesimal generator of a C, 
contraction semigroup T(t) (t 1 0) on H. 
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and 
Based on the above-mentioned properties of A and semigroup theory, we 
can prove that &r is a densely defined and closed operator in H, that A%‘~ 
admits a compact resolvent, and that A%‘~ generates a C, unitary group 
s(t) on H. Note that .M is a bounded perturbation of &r, so & is a 
densely defined and closed operator. Therefore, & has also a compact 
resolvent. Since a(x) 2 a, > 0, B, is dissipative, so T(t) is a C, contrac- 
tion semigroup. 0 
Therefore the abstract Cauchy problem: 
(14) 
formulated from the feedback system (2)-(3)-(4) admits a unique solution 
THEOREM 3. Let w(t, x) be the solution of (2) with the boundary 
condition (3) and initial date (w,,, u,,) E H. Then there exist constants M > 0 
and p > 0, such that for all (w,,, v,) E H, 
I Me-@’ LI ll( Ill E’ t 2 0, (16) 
where 11 * jIE is the “energy norm” of the space H. 
fiooj First we assume that (w,, u,> E 9(&P>, which is dense in the 
space H. Since T(t) is a strong solution of (141, we have aw/& E 
L2(sz). 
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Multiply (2) by dw/&, integrate it, and use Green’s formula twice to 
obtain 
- I n 
On the other hand, multiply (2) by Ow with Q > 0 a constant to obtain 
Then integrate (18) over Ck we have 
Id 
+ &a(s)w2dx - 
R 
/l;)ldrtj--A~,~dr} =O. 
(19) 
Now summing up (17) and (19), we get 
aw 
+ lAwI + 20xw + @a(x)w’ c2x 
I 
- Bi;)‘+ .,w,+ = 0. (20) 
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Denote by 
R(t;0) = f/, (q2 [ aw + lAwI + 20xw + 0a(x)w2 dr, ] 
u(x)( ;)2 - 0( ;)2 + .,,w,~] dx. (21) 
Then (20) can be written as 
-$(t; 0) + N(t; 0) = 0. (22) 
Let a, > 0 and c > 0 be constants such that 
k-4 * ) II L-(n) 5 a1 and for w  E Hi(R), 
(23) 
where the second inequality follows from Lemma 1. Thus it follows that 
2;~ + a(x)w’ 2 uk + 0(1 + u,)c/-~Awj2 uk 
Let 
1 
O < ” 2max{l,c(l,u,)} = 0” (25) 
Then we have 
Furthermore, if we choose 
(27) 
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N(t;O) 2 j-Juol~~ - @I$[ + @,Aw,+i% 
2 min(3,@)jfi[lg[ + +[z]&. 
Let 8 = c^ = min(O,, a,/2), then we obtain 
NC@ 2 q- 1 at 1 [ ~z+,*w,+. 
From (26), (291, and 6 = min(O,, a,/2), it follows that 
N(d)) r q-$r’ + ,w], 2 a-w;@, 
and, in view of (22), that 
-$(t;d) + aqt;@ I -&(t;B) +N(t;b) = 0. 
Thu.3 
and by (26), 
R(t; 6) 5 R(0; $)e-“f (t 2 01, 
(28) 
(29) 
(30) 
(31) 
(32) 
for each (::I E %JP’>. However, since T(t) (t 2 0) is a contraction 
semigroup, by the denseness of L%.BP> in H, it follows that (33) holds for 
each (r;) E H. Therefore (16) is valid. q 
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3. ExAcr CONTROLLABILITY 
Using the exponential energy decay shown by Theorem 3 and the 
time-reversible property, we can easily prove the exact controllability 
result as foll0wS. 
THEOREM 4. For any given initial state (w,, v,) E H, there tzists a 
control f(t, x) E C([O, T]; L2(fl)) to steer the system (l)-(3)-(4) to the null 
state (0,O) E H at time T, provided T > 0 is large enough. 
Proof: Let T > 0 be large enough such that 
Me-@ < 1. (34) 
where A4 and p are constants appearing in (16). For 0 I t I T, take a 
control 
fI(t,x) = -a(x)~(t,xl, with a(x) = a, > 0, (35) 
which is a distributed damping feedback. The solution of (l)-(3)-(4) 
with this feedback control f,<t, x) is denoted by w&t, X) with v,(t, x> = 
(awl/c%) 0, x1. Thus 
(36) 
On the other hand, let 
f&t, x) = 4x1 g(t, x>, with a(x) = a, > 0. (37) 
With the time-reverse, we see that the solution of (l)-(3)-(4) with 
this feedback control f&t, x), denoted by w,(t, x) with v,(t, x> = 
(aw,/&) (t, x1, satisfies 
For any given initial state (rf), let 
(38) 
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Take f(t, X) = f,(t, X) - f2(t, x), the corresponding solution Of (l)-(3) 
with initial condition 
will satisfy automatically 
The only thing to be proved is 
(41) 
(42) 
(43) 
By the uniqueness, we have a linear mapping P: (r”) + (:I> with 
IlPll &HE) I (Me-q2 < 1. (44) 
where HE represents the space H with the energy norm. Hence it follows 
that I - P E AWE) is invertible so that (43) holds. o 
Remark 5. From the argument in Theorem 4, the time T > 0 for the 
exact null controllability can be uniform for all the initial states. 
Remark 6. By the time-reverse process, this exact null controllability 
implies the global exact controllability with uniform T > 0. 
4. PETROVSKY EQUATION WITH CUBIC NONLINEARITY 
Let f(t, x) be a nonlinear damping feedback control, given by 
f(t,x) = -u*; - a2( fy3, with a,, a, > 0 constants. (45) 
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Then we shall investigate the following nonlinear Petrovsky equation, 
a*w aw aw 3 
-jp+al~+a* x ( i 
+ A*w = 0, (46) 
with the homogeneous boundary condition (3) and initial condition (4). 
Define a nonlinear differential operator G: .9(G) + H by 
9(G) = 23(A) x (Hi(R) n L6(Q)), 
W G( I=( V V -A*w - a,v - a2v3 
Equation (46) can be written in the form 
From the Sobolev embedding theorem, 
H,“(n) c H”( sz) c LP( n) for 1 2 1 
P 2 
it follows that 
- 
(47) 
(4% 
m 
- 
n’ (49) 
H;(n) = H;(n) f-l P(R) for n 5 6. (50) 
For simplicity and in view of practical purposes, we assume in this section 
that n I 6. So 9(G) = L@(d), cf. (12). 
First we prove the following result. 
THEOREM 7. G: L@(G) (= S(LX’> for n I 6) + H is a maximal mono- 
tone operator in H, and it generates a strongly continuous nonlinear contrac- 
tion semigroup on H. 
Proof: For any (;) E L@(G) = 9(d), we have, by the skew-adjoint- 
ness of 2ZI, 
(G( ;), (I)) = -ln(a,v2 + a2v4) dr I o. (51) 
Thus G is monotone (or called dissipative) operator. 
By Minty’s theorem (cf. [151), G is maximal monotone provided 
Ran(Z-G) =H. (52) 
For any given (;) E H, we show that there exists an element (r> E L@(G) 
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such that 
(I- G)(z) = (;)- (53) 
Equation (53) amounts to equations 
w-v=p 
A’w + (1 + ar)v + u2v3 = q. (54) 
Substituting the first relation into the second one, we obtain an equation 
with respect to v, i.e., 
A’v + (1 + ar)v + u2v3 = q - A’p, 
where p E Hi(n) implies that A”p E X2(n). 
Consider now the nonlinear elliptic operator 
(55) 
Q(v) = A2v + (1 + ar)v + u2v3: H;(n) + X2( a). (56) 
Here Hi(n) is a reflexive Banach space, and it is easy to verify that Q: 
Hi(n) + ZIm2(fi) is monotone, everywhere defined, demicontinuous, and 
coercive, i.e., 
(57) 
By Theorem 4.3 of [16, p. 591, it follows that 
Ran Q = II-*( a). (58) 
Furthermore, the coercivity of Q(v) implies that Q is also an injection. 
Therefore Q-r: K2(fl) + Hi(a) exists and (55) is solvable for any given 
(;I E H. 
Then let w  = v + p. It follows from (55) that 
w  E H;(R) and A2w = q - (1 + ur)v - u2v3 E L2(R). (59) 
By the null extension, which is feasible due to w  E H$(Ck), and the fact 
that 
u E H2m(R”) if and only if (1 - A) m~ E L2( IL!?“), (60) 
we have then 
w  E H4( fl) n Hi( fl). (61) 
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Therefore, (54) is solvable in LB(G) for any given (:I E H. Thus (52) is 
valid and G is actually a maximal monotone operator in H. 
Apply the generation theorem for nonlinear contraction semigroups (cf. 
[15]), this operator G generates a strongly continuous nonlinear semigroup 
S(t) (t r 0) of contractions on H. •I 
COROLLARY 8. The solution of the nonlinear Petrovsky equation (46) with 
(3) and (4) exists and k unique for t 2 0, and such that 
w E Lm(O, w; H,2( fl)) w, E LW(O, w; L2( a>). (62) 
Next we show the energy decay estimates for the solutions of Eq. (46). 
THEOREM 9. Let f(t, x) be a nonlinear feedback (45) with a,, a2 to be 
chosen. For any given p > 0, there exist a pair {a, > 0, a2 > 0) and con- 
stants K, y > 0, such that 
for all (r;) E g(G) with ll(ri)llE I p. 
Proof: Multiply (46) by aw/& + Ow with 0 > 0 a constant and then 
integrate over Q we obtain 
8W 
+ [Awl2 + 20~~ + Oa,w2 ak 
1 
+ j$l(32+a2(34 
+OjAw12 - 0 at H(“w)2+@a2(g)3w]dx=0. (64) 
Denote by 
i(t,@) = ; /, ( ;)2 1 
dW 
+ lAwI + 20~~ + Oa,w2 ak, 
1 
aI( z)2 + a2( z)’ + @lAwI 
-a( g)2 + @a,( g)3w]dx- (65) 
LA 
0, = min O,, ; 
( 1 
1 1 a1 
= mm 2’ 2c(l + a,) ’ z * .( 1 
(69 
Then we have 
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Then (64) can be written as 
-$i(r,o) +ti(t,@) = 0, t 2 0. (66) 
Similar to (24) through (261, we have then 
;j-&[ + ,Aw,~] dx s&O) I a[l%l’ + ,ALv,~] dx, (67) 
provided 0 < 0 I O,, where 0, is given by (25). 
On the other hand, using Hiilder’s inequality we get 
+@,(Aw~~ - 4~4 1 u!x 
>j-&;)2+;(%i’+@2,A~,2-$~4]~ 
2 @2j-[l;r’ + ,Arl’] dx - ?/nw4dr. (70) 
From (66), (67), and (70), it follows that 
$R(t,@,) + @,z?(t,O,) - ~/aw4m 
de 
5 --g(r,O,) + iv(t,O,) = 0, Qt 2 0. (71) 
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Then it follows that, by solving the differential inequality (711, 
Thus we obtain 
By the assumption II I 6 in this section and (49) and (50), we have 
Hi(a) c L4(fl), so that there exists a constant 6 > 0, such that 
Since G generates a contraction semigroup on H, we have 
II( ;:~~~)II~ < CIII(~i,iII withC, > Oaconstant. (75) 
Here C, may not be 1 because E-norm is an equivalent norm for H. 
Substituting (74) and (75) into (731, we get 
2 a&, f wo 2
E 
+2 A( III 0 " E g(r) dr, t 2 0, (76) 
where 
(77) 
By the Gronwall inequality, it follows that 
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For any given p > 0, we fix a constant a, > 0 arbitrarily, then there 
exists a constant a2 > 0, such that 
20, 
- = 
a2 < sc,p2 
1 
4 + 4 
(80) 
With this a2 > 0, the nonlinear feedback (45) makes the solution decay, 
for all (r;) E g(G) with ll(Ti>jlE I p, where 
y = 0, - ;a2GClp2 > 0. (82) 
Thus the conclusion is valid. 0 
THEOREM 10. For any given p > 0, there exist constants a, > 0, a2 > 0 
such that the nonlinear feedback control f(t, x) with this pair of coe#icients 
{a,, a,} will make the solution of (46) strongly converge to zero in H, i.e., 
(83) 
for all the initial states satisfying 
(84) 
ProoF Note that in the space H, two norms )I * IIH and 1) . IIE are 
equivalent. By Theorem 9, for any given p > 0, there exist a, > 0, 
a2 > 0, K > 0, y > 0, such that 
for CT;) E 23(G) and II(‘y,“)IIH I P + 1. 
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Since s(t) is a nonlinear contraction semigroup, now for any initial state 
<r;> E H with #r;)llH I p, there exists a sequence of elements {(~;)}~=r c 
9(G), with ll<r;>llH I p + 1 such that Ii - (z,“)llH + 0 as n + 03. By 
the fact that for each 12 2 1, 
and (85) it holds that 
(87) 
which implies that (83) is valid. Moreover, it can be seen that the 
convergence (87) or (83) is uniform for all the initial states in any given 
bounded set satisfying ll(I;)llH I p with p tied. 0 
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